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l-(0 ( a ) M through the point Q( 4, 2, 0) and in the direction 

v = 3z - j + k has the parametric form 

x = 4 + 3t; y = 2 - t; z = t. (A2) 

Note: r = (4, 2, 0) r(3, -1, 1) is also acceptable. 


(b) Since any point R on the line M can be written as (4 + 3f, 2 - t, t ) 
for some value of t then the vector w = RP is 

w = (2 - 4 - 3r)f + (3 - 2 + + (1 - 

= (-2 - 3f)f + (1 + t)J + (1 - t)k MV W) 


(c) The cross product S x w can be written as 


u x w 


i I r 

1 2 -3 

(-2 - 3f) (1 + t) (1 - t) 


= {2(1 - r) + 3(1 + f)i* - {(1 -f)+ 3(-2 - 3r)}/ 
+ {(1 + t) - 2(-2 - 3t))k 
= (5 + i)i * 5(1 + 2 tjf * (5 + 7 1)£ 


Thus 


|« x v?| - 7(5 + *) 2 + 25(1 + 2r) 2 - (5 - 70 2 

= 775 + 180T + 150f 2 = 7 15(5 + 12f + lOr 2 ) 


(M2; £42; 


(d) The value of |w x w\ is minimised when — (|2xw|) =0. 

dt 

Thus 

—{715(5 + 12f + 10r 2 } = - x ! 15(1 ^ t ^ — 1 

* 2 \7l5(5 + 12 * + lOr 2 )] 


and so this will be so when 12 + 20f - 0, or t = . 


The minimum value is then 


N 


15 


5 + 




= M- 


(M2) (A2) 
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(ii) In polar form, 

_i _ g3i«P _ cog 


»)•“(¥) 


and so the cube roots of -i are 

£ = 0, 1, 2, 

and so 

7 =e i */ 2 =i- r = e r »/ 6 = _vf _ 1- 
*» e 1,z * * 2 2’ 

_ e m«/6 _ vl.i (Note 2) 

2 2 

Then 


[(1 - i)z] 3 + i * 0 => z = — = T^ -72 *' * = 0» 1. 

1“1 1-1 


Hence the roots are 


i 1 

_i/3 _ i 

1 

Vs i) 

1 - i’ 1 - i 

2 2j 

1’ 1 - i 

2 2) 


or 


j - I 1 - y/3 - i(y/3 + 1) 1 + y/3 + i(y/3 - 1) 

2 ’ 4 ’ 4 


Note 1: 


Note 2: 


Other methods are acceptable. One such solution is 
to consider that |« x >v| is minimised when 
10r 2 + 12f + 5 is minimised. This in turn is a 


parabola. The minimum is at * - 
hence the result. 



3 i—y 

The algebraic forms of -J-i given above, on the 
same line as die exponential forms, are not needed 
at that stage and the A3 marks on line 6 do not 
depend on them being given there. They are of 
course required later. 


(A3) 


(M2) (A3) 
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(a) If the function x(t) is defined by 
x(f ) = e'^sin (pt + a) 

then = -Xe~ u sm(pt + a) + pe~ u cos(pt + a) 


= -Xx + pe' u cos (pt + a) 


(Note 1) 


Differentiating again 

= -A— + j7{-Ae _ii cosCpf + a) - pe~ u sin(pt + a)} 

dr 2 dr 

dx 


= -X— - Xpe‘ w cos(pf + a) - p 2 x 

dr 

= - X— - x{— + Xxl - phc 
dr \dr j 

= -2X-^ - (X 2 + p*)x 
at 


Thus 


— + 2X— + (X 2 + p*)x = 0 

dr 2 dr 


dx 


(b) When a = 0, x = e'^sin/rf and so — = -Xe~*smjrt + pe^cospt 


Then, when t = — , sin/rt = 0 and cospr = -1 . Hence 
P 

~p^- Xxl » = -2p =* e x * ,p = 2 


Also 


+ 2X— + (X 2 + p*)x = ~2p - 4Xp = 0 

dr 2 dr 


since x = 0. 

Therefore X = and then e 3 *^ = 2 =» - log^ 

4 4p 

, 3it 

and so p - — — - 
41og2 


(c) (i) As above, x(t) = e' u sin (pt * a), 

=s . — = -Xe" M sin(pf + a) + peT u cas(pt + a) 

dr 

and as — = 0 when t = 0 it follows that 
dr 

Xsina = pcosct => X = j?cota 


(Ml) (Al) 


(Ml) (Al) 


(R2)(AG) 


(Rl) 


(Rl) 


(R2)(AG) 


(R2)(AG) 
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(ii) The other values of t for which — is zero are given by 

df 

Xsin(pr + a) = pcosfpt + a) 
or tan(pr + a) = y = tana 

and this is satisfied when* = 0 + — , k = 1, 2, 3, 4, ... 

P 

These values are in arithmetic progression with common 
difference — . 


dx 

(iii) From (ii), two consecutive values of t when — - 0 

Mand (* +.}>*. 

P P 

The corresponding values of x are 

X t = eT***!* sm(fot + a) « (-l^e'^^sina 


are 


and 


x k + j = e' 1 ** * 1 ),e/ *sin((fc + l)it + <r) 
= (.i/ + i e - A(kMWp sina 


Thus 




*-*coUi 


and this is a constant. Hence the values of x at which 

— = 0 are in geometric progression with common ratio 
dr 


Note 1: Students may present their results in other 

forms. 


(R2) (42) 


(Al) 


(R2) 


(R2) (Al) 
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Since the curve of x 2 sinx cuts the axis at 0, it and 2ic , the area is 
given by 

J 2 * |x 2 sinx|dx = x 2 smx<ix - x 2 sinx dx 

Integration by parts gives 
J x 2 sinxdx = -x 2 cosx + 2 J xcosxdx 

= -x 2 cosx + 2{xsinx - Jshudxj 
= -x 2 cosx + 2xsinx + 2cosx + C 

Hence the area is 

[~x 2 cosx + 2xsinx + 2cosxJ - [-x 2 cosx + 2xsinx+ 2cosxJj* 

= {-(tt 2 )(-l) - 2 - 2} + |-4it 2 ♦ 2 - (it 2 - 2)| 

= it 2 - 4 + |-5ic 2 + 4 1 = it 2 - 4 + 5ir 2 - 4 = 6it 2 - 8 

Note: Some candidates may simply evaluate the integral 

f 2 *x 2 sinx dx and obtain the result -4it 2 . If so award M2, 

Jo 

A2 for a correct integration by parts and Ml, A1 for 
obtaining -4it 2 . The A2 marks at the start would not be 
awarded. 

(a) Rearranging the equations CNot * 13 


-3x + y + 2 z - a 

(1) 

-Llx + 2y + tiz = b 

(2) 

7x + y - 2z = c 

(3) 

y + 2z - 3x = a 


2y + 6z - llx '=■ b 


y - 2z + 7x = c 



and eliminating y from the last two equations gives 
y + 2z - 3x = a 

2z - 5x = b - 2a 
-4z + lOx = c - a 

Now eliminate z from the last equation to give 
y + 2z - 3x = a 

2z - 5x = b - 2a 

0 = c + 2b - 5a 


(A2) 


(M2) (A2) 


(M2) (A2) 


Hence the system will only have a solution if 
5a - 2b - c = 0. 


(M3) (A2) 
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(b) If a = 2 and b = 7 then c must equal -4 for there to be a 
solution, otherwise there are no solutions. ^ a 
Then, with a = 2 and b = 7, 


2z-5x = b- 2a=l - 4 = 3 


and y + 2z-3.x = a = 2. 

A solution of the first of these two equations is 
2 = 4, x = 1 and substituting these in the second equation 
yields y - -3. 

Since the system reduces to two equations on three 
unknowns, reflected by the fact that the determinant of the 
coefficients is zero, there will be an infinity of solutions, 

namely x = X, y = -1 - 2X, z = —(3 + 5A.). 

2 

Note 1: Other approaches are possible. One such 

solution is to use Gaussian e limin ation. 

Note 2: Students may choose to solve this equation 

by elimination again. 

OR: (1) + (3) 4* + 2y = a + c = -2 

(2) + 3(3) IQx + 5y = b * 3c = -5 

which gives the solution in terms of either 
x or y as parameters. 


(A3) 


(Rl) (41) 
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(a) 


3/14 


3/14 


4/21 


2/21 


2/7 


6 - 0 ) 

less 1 per error 
in final column. 
Follow through 
if error occurs. 

Probability of receiving a dividend = — + JL = iZ 

14 21 42 (A2) 

Probability that it came from A 

_ (dividend and invested in A ) _ 3/14 _ 9 

j? (dividend) " 17/42 ~ 17 (&) W) 
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( 2 ) 


If she invests in both companies, 

probability of no dividend = — x — = — 

2 3 6 

and so 

probability of dividend from at least one 



(iii) 


Probability of no investment 



28 _ 7 
100 ~ 25' 


(iv) Probability of a dividend 

.90 t 36 t 168 _ 294 _ 49 
600 600 600 ” 600 " 100 

and so 

Probability of no dividend = 1 - = .222 = _2L. 

600 600 100 


Finally 

Probability {no investment made given no dividend} 
168 

= 600 _ 168 _ 28 
306 " 306 ” 51' 

11 


(A3) 

less 1 per error 
in final column. 
Follow through 
if errors occur. 


(A2) 


(Al) 


(A2) 


(A2) 


600 
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5 . (0 


If a and b are real numbers then a * b - yfa*~+lP is a real 
number and so R is closed under * . 

Then, for any real number a, b and c 

a * (b * c) = a * fyb* + c 3 ) » V^ 3 + (V^ 3 + c 3 )) 


w 


b 3 + c 3 


(R2) 


Similarly \ 

(a * b) * c = y/a 3 + b z + c 3 

and so the set R is associative under * . (&3) 

Let e be the identity element, if one exists. Then 
a*e = e*tz=trforallainR. 

^ 

But a * e = a =*> + P - a =*> a 3 + « 3 = a 3 or e = 0. 

Hence there is an identity element, zero. 

Finally, each element a in R must have an inverse a' 1 such that 
a * a' x - e. 

3 - - 

That is ya 3 + (a -1 ) 3 = 0 and this is satisfied by a' 1 = -a. 


om 


(S3) 


(“) ( a ) 





(1.V3) 


(2.0) 


The set of rotations about the origin which map any one of 
these points onto itself or onto one of the other points is 

(A3), less 
1 per error 


S = 1*0, ^*/ V R i «/3> ^4*/3> 
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(b) The set S is not a group under the composition of rotations 
because 

* ^*/3 = 

and R* is not a member of die set S. 

Hence S is not closed under composition and so S is not a 

group under this operation. (R3) 


(c) Add the rotation R % to the set 5 and the new set 5 U R % 
does form a group under composition. 

Then, since 

R*P = Rlx/3 * 9 ^*/3 “ ^4x/3 

and 

^s/3 " ^Sx/3 * ^*/3 = ^6*/3 = *0 

the group is cyclic with generator Kn- (The element .Rj^ 
is also a generator.) 

There are two proper subgroups and they are 
and ^2*/3» Rtxp) • 


(A2) 


(R4) 

(Al) (Al) 


(a) Two groups {G,, *} and [G v «} are isomorphic if there 
is a bijection, Le. a function f' G t — G 2 that is one— to— one 
and onto, such that 

f(fl x * Oj) =/(Qi) 

for all and Oj in Gj . (There will be a variety of ways of 
writing the above). 


0X1) Let aj = f(a x ), and e x the identity in G t and ^ the 
identity in G 2 . 

=> * e 2 = and a x * e j - a x 

=* <h a e z = f(a x * «j) 

=> « <2 = /(flj) « /(ej) by isomorphism. 

= ^2 




e 2 = f(fi j) by cancellation law. 
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(2) From (1): e 2 ■ f(ej 

=* a 2° a 2 1 = /(« i * O 

= /( a i) 0 /( a i" 1 ) by isomorphism 
= ^ °/C a i' 1 ) [since Oj 

=> aj" 1 = /(a," 1 ) by cancellation. 


(R3) 

(A2) 
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(a) 



Graph 1 

Graph 2 

Graph 3 

Graph 4 

Graph 5 

Degrees 

W.4,4 

2(2(22,2 

12222 

22A(2,2 

322 22 

Eulerian? 

Yes, ABCD 
EACEBDA 

Yes 

ABCDEA 

No 

Yes 

ABCDECA 

No 

Hamiltonian? 

Yes 

ABCDE 

Yes 

ABCDE 

No 

No 

Yes 

ABCDE 


(b) None of the four statements are true. 


(A8), less 2 per incorrect box. 

(A2) 


(c) A connected graph is Eulerian if and only if the degree of 
every vertex is even. 


(A2) 


Since the graph is connected, every vertex appears in the 

Eulerian circuit. Whenever a vertex is visited it contributes 

two to the degree of that vertex, one from the edge going in (R4) 

and one from the edge going out. Hence the degree of every for clear 

vertex is even. explanation. 



The shortest path is A, C, E, F, H and its length is 20. 
The length of the shortest path from A to G is 13. 


Any other algorithmic 
representation is 
acceptable. One such 
method may use the 
diagram and 
temporary labels, 
which are transformed 
into permanent ones 
as the algorithm is 
extended. 


(A6) for table, 
less 2 per error. 


(A3) 

(A3) 
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(iii) Let G be a connected planar graph that is not a tree which has v 
vertices, e edges and divides the plane into / faces or regions. Then 
Euler's formula connecting v, e and fisv-e+f-2. (A3) 

If e = 0 then the graph consists of an isolated vertex and so 
v = / = 1 and therefore v+/=e+ 2=2. Thus the result is true 
in this case. (A2) 

(Note: Some may take e = 1 , implying two vertices and one face 
or one vertex and two faces. Either way 

v + / = e + 2 = 3. Even though the result holds, but the 
graph is a tree in this case. Students were not penalised for 
this.) 

Now assume that the result is true for all connected planar graphs 
with n - I edges and let G be a connected graph, which is not a 
tree, with n edges. 

Choose any edge sequence in G and remove one edge. The 
remaining graph is planar, connected, and it has n - 1 edges, v 
vertices and / - 1 faces. Thus, by the assumption 
v-(n-l)+/-l=2 

and so v - n ■*• / = 2 

and the result is true for all connected planar graphs with n edges. 

Hence the formula holds for all connected planar graphs. (R5) 
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7. (i) The mean number of calls is = 2.625 

£/(*) 40 

The null hypothesis Hq is that the distribution of calls received is a 
Poisson distribution with a mean of 2.625. 


(Ml) (Al) 

(Al) 


The expected frequencies are given by 40 x p(X = x) and so the 
observed and expected values are 


0 

1 

8 

12 

7 

8 

4 

0 

E 

2.9 

7.61 

9.98 

8.74 

5.73 

3.01 

2.04 


The first and last two entries are combined as they are each less than 
5 but the sum is greater than 5. 

Then 

x2= £(O_|£)* = 2.09 

At the 5% level of significance and with 3 degrees of freedom the 
critical value of % 2 is 7.81. 


Since the calculated value is less than this we do not reject H<, and 
so conclude that the distribution of calls received can reasonably be 
modelled by a Poisson distribution with mean 2.625. 


Note: Some students may not combine any entries. The x 2 values 
are then 5.29 with 5 degrees of freedom (critical value 
11.07). The conclusion is unchanged. 


(ii) (a) Assume that diabetic males X D are N(ii D . a 1 ) and the non 
diabetic males X are N(p, o 2 ) , Le. the variance is the same. 

- n 2 - n 2 

Then X D is N(n D , — ) and X is JV(p, — ) 


for n D diabetics and n non diabetics. 


The difference X D - X is N - p, o 


Ax 

{ n D 


+ n r d 


C^n “ ~ i 1 ) 


is N(0, 1) 


1_ 

N n D 


l 

n 


(A3) 

(A2) 

(Al) 

(R2) 


(Al) (Al) 


(A2) 
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Since o is unknown the estimate assumes common population 
variance using pooled variance estimate 

j2 _ («x> - 1*1 * fr - V 

(«2) ~ 1) + (n - 1) 

Then 


t 


(X D -X) - (|1 D - H) 



l 

n 


is a reading of a t distribution with (n D - 1) + (n - 1) degrees of 
freedom. 


The 95% symmetric confidence interval comes from 


N 


J_ + i 


or 


“ ■?) “ *0.025^ 


N n n 

< &D * + * 0 . 025 ^, 


J_ + i c (n - n) 

n 


J- + I 


N n B 


(A2) 


(A2) 


From the data 

2 = 24(13.92/ h. 29(1 2.59 / = m474 ^ 5 . 1321 
53 

and X D - X = 7.99 


(Ml) (Al) 


The 95% confidence interval is thus 


7.99 ± 2.01 x 13-21 



= 7.99 ± 7.19 = [0.80, 15.18]. 


(A2) 


The null hypothesis H^: = p. or \i D - p = 0 and the alternative 

two sided hypothesis Hj is that \i D * p. The critical region is 
t > to.025 (53 m- 

(Al) 


(Rl) (Al) 


For the given values. 


t = 


X D -X 


7.99 


N 


= 223 


-L + I 

"n » 


1321. 


1 _ 
N 25 


_1_ 

30 


and since this is greater than the given critical value of 2,01 we 
reject the null hypothesis and accept the alternative hypothesis. 
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An alternative argument is that the confidence interval excludes zero 
and this implies that the null hypothesis should be rejected. Any 
such solution would require an explanation. 
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(b) The observed frequencies are 



High 

Not High 


Diabetic 

43 

157 

200 

Non diabetic 

41 

259 

300 


84 

416 

500 


If the attributes are independent then the probability of high blood 

84 

pressure is estimated by and the probability of being diabetic 


is estimated by 


200 

500 


The estimated frequency of diabetic and high blood pressure is then 
84 200 


500 x — — x 

500 500 


= 33.6 


(Al) (Al) 


(A2) 


The problem has one degree of freedom, the other expected 
frequencies obtained by using complements. 

The expected frequencies are 


_L_ + — L_l 

50.4 249.6 


This exceeds the critical value of 3,84 and so reject the hypothesis 
that the classifications are independent. 

Note: Yates’ correction factor is appropriate for this problem since 
di = L 



High 

Not High 


Diabetic 

33.6 

166.4 

200 

Non diabetic 

50.4 

249.6 

300 


84 

416 

500 


and then 


(O - E ) 2 

E 


= ( 9 . 4) 2 /- 1 
\33.6 


1 


.6 166.4 

= (9.4) 2 {0.0596} 

= 5.27 


(A2) 


(A2) 


(M2) (Al) 

(Rl) (Al) 
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8. (i) (a) Evaluating p(x) = x 3 - 21 - x 2 - 2 = x 3 - x 2 - 23 

at x = 1, 2, 3, it is seen that p(2 ) < 0 and p(4) > 0. 
Hence the curves intersect inside the interval [3, 4] and so 
m = 3. 

(b) If we use the scheme x n + j = gixj then for convergence 
the condition 

!*'(*) I < 1 


has to be satisfied near the point x’ . 


With g(x) = Vx 2 + 23 

we have g 7 (x) = -^(x 2 + 23 ) - * 3 . 


In the interval [3, 4] (x 2 + 23) > 32 


(x 2 + 23 )* 2/3 < — 
32 20 



and so 


and so 0 < — (x 2 + 23)-** < < 1. 

3 3 x 8V2 3V2 


Hence the scheme provides a sequence that converges to x * . 
With g(x) = yp - 23 

we have g ; (x) = ^-(x 3 “ 23) _W2 — - > 1 

2 2^41 

in the interval [3, 4] and so the scheme does not provide a 
sequence that converges to x*. 


With x 0 = 3 the first scheme yields Xj = 3.174802, 
Xj = 3.210103, Xj = 3.217378, x 4 = 3.218883, 
x s = 3219195. Thus x‘ = 3219 


00 00 


Given that 


e 1 - 1 + * 


x_ 

21 


x 

3! 


... + 


X* 

7l! 


(n + 1)1 

where 0 < 0 < x then, since all terms are positive, the sum 
is greater than any one term and so 


t x > 


El 

n! 


(A3) 

(A2), but 
may be 
implicit. 

(A2) 

(A2) 

(R2) (Al) 

(R2) (A2) 

(A2) 

(R3)(AG) 
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With n - 1 the above result becomes 
e x > x 

and if we set x = pint, t > 1 since > 0, we obtain 

e plnf > pint G®) (A2) 

But the left hand side is simply t p and so 

t P (R2)(AG) 

lnt < — . 

P 


Set p = — in the above to give 
4 

lnr < 4r V4 


(A2) 


and thus if t has the particular values k = 
have 


In* < 4*^, * € N. 


1 , 2 , 3 , 4 , ... 


we 


(A2) 


Now for each term of the series '’P' 

- . r 1 - n™ 

Inn < 4n^* < 4n^* _ 4 

1 *n 312 1 + ti* = n 5 '* 


m (A2> 


_ 4 

Now the series 2_, — — converges since the series 
» - 1 n^ 4 

T. — is a convergent series for p > 1 . 

<■ =■ i n p 


(A3) 


Hence, by the comparison test, the series £ 

n * 1 


la /i 

1 + n 3 * 2 


converges. 


(RI) (Al) 



